The effect of thickness on the width of the percolation threshold in metal-dielectric composite films was examined. The distribution of current intensities through cubic networks of metal and dielectric components was determined using Kirchhoff's equations. From the tail of current distribution, the width of the percolation threshold was defined using Lévy statistics, and determined as a function of the film thickness for a system size 100. In the 2D-3D crossover region, the percolation width decreases as a power-law with a power exponent of 0.36 ± 0.01.
Introduction
Percolation theory is an old model used extensively to describe different second order phase transitions in various fields of disordered systems. Different analytical and numerical methods have been used to determine the percolation threshold and critical exponents, among which there are effective medium theory, field theory, random resistors network, and Monte Carlo simulations [1] [2] [3] [4] [5] .
The construction of continuous macroscopic objects having random spreading of particles or links, like polymers, aggregates or piles, or vitrification, as well, have been, so far, the subject of many studies. They were modelled using many different approaches on the basis of the percolation model [1, 2, [6] [7] [8] [9] .
The power law behaviours for some physical quantities, such as correlation length and the strength or the weight of the percolating cluster, are investigated near the percolation thresholds (critical points), and the results are interpreted using critical exponents, which depend only on the space dimension D.
Crossover from 2D to 3D has also been the subject of many studies. For instance, thin magnetic [10] and electric [11] [12] [13] [14] films were investigated. More recently, Zekri et al. [15] investigated the effect of thickness on the percolation threshold p c and the conductivity critical exponent of metal-insulator composites. The percolation threshold p c can be defined only for infinite systems where the transition is abrupt. For finite systems, the percolation probability assumes values between 0 and 1 for a continuous finite range of the density of "conducting" components (see page 72 of [1] ). This defines the width of the percolation threshold.
In the present work, we focus on the width of percolation threshold dependence on the film thickness. Since the percolation phase transition induces maximum disorder, the width of percolation threshold is determined from the current distribution by using Lévy statistics [16] [17] [18] [19] . The novelty of the present work is the use of the width of the percolation threshold to study the percolation in 2D-3D crossover.
Method description
Various calculation methods, such as the real-space renormalization group method (RSRG) [20] , exact transformation method like Lobb and Frank method [21] , and transfer matrix method [22, 23] , are used to numerically define the network conductivity. These methods are limited to 2D or show numerical instability for large systems. We used the exact method (EM) in our previous work [24] based on the numerical resolution of Kirchhoff's equations in the network, leading to the effective conductance determination (admittance or impedance ) and the current or the local field distribution in each component figure 1 , for resistor networks [24] . The first index represents the coordinate index in the plane and the second one is the plane position in the third direction. The current conservation in each node yields
where the sum over (k, l ) spans nearest neighbors of the nodes with coordinates (i , j ) and conductances σ
. For the nodes connected to the edges, the potentials V i , j take values 0 or 1 depending on the edge side. 
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In this matrix equation, the matrixΓ is tri-diagonal symmetrical with (N −1)×(N −1) block elements P i j being themselves matrices of dimension N × N . These matrices are composed of combinations of the branch conductivities corresponding to currents directions either within the face i (diagonal block elements) or coming to this face from its neighboring plane faces (off-diagonal block elements). Therefore, at most three of the matrix elements P i j do not vanish for each face i . The diagonal matrix is tri-diagonal as it involves the currents within the lines and inter-lines in the same face. The off-diagonal matrix is di- (2.2) are solved by the substitution method described in detail in [24] .
In this work, in order to further understand the behaviour of the increment between 2D and 3D,
we investigate the distribution of the current intensities P (I n ) for different network thicknesses h, to evaluate the width of the percolation thresholds p c . This distribution was interpreted on the basis of the Lévy distribution. The calculations are performed for various thicknesses and many layer sizes. The intensities of currents are averaged by considering 100 samples which is sufficient to reach the desired accuracy [24] . Note here that for the networks used here, the percolation threshold for infinite systems is p c = 0.5 for 2D square networks (h = 1), and p c = 0.2492 for 3D cubic network (h = L = ∞) [1] .
Results and discussions
The current distribution is shown in figure 2 for a system size 100 × 100 × 3 with values of the metal density below, at and above the percolation threshold. Two main branches appear as the percolation threshold is reached: one seems to be log-normal (Galton's distribution) for large strengths of the current (see the inset of figure 2), and the other one is power-law decreasing for very small strengths of the current. The log-normal branch corresponds to the backbone of the metallic largest cluster whereas the power-law decreasing branch corresponds to the insulating cluster. Below p c , the log-normal branch obviously disappears as there are only small metallic clusters. Above this threshold, the power-law decreasing branch tends to disappear because most of the metallic links belong to the largest cluster. This behaviour is similar to that observed by Zekri et al. [25] for the distributions of critical links. Thus, near the percolation threshold, the largest cluster is composed mainly of critical links. These links are responsible for the percolation transition. The above discussed behaviour of the current distribution is thus related to the percolation phase transition. At the threshold transition, fluctuations (disorder) are larger. In the present case, current fluctuations should be large at the percolation threshold. The behaviour of current fluctuations can be easily determined from Lévy statistics [16, 26] . Distribution P (I ) asymptotically decays as a power law I −(1+µ) , the exponent µ being positive (see the power-law fit in the inset of figure 2 ). The exponent µ is then extracted from the linear fit of the log-log plot of P (I ) for large values of I .
For large (diverging) current fluctuations, the exponent µ is in the range [0-2] and the second moment 〈I 2 〉 diverges (the first moment 〈I 〉 diverges for µ < 1). For larger exponents (µ > 2), the fluctuations converge and the distribution becomes stable [26] . In this case, the system is either in its metallic or dielectric phase. Thus, the percolation threshold corresponds to an exponent µ smaller than 2.
Here, the minimum of the exponent µ corresponds to the maximum of the current fluctuations (maximum disorder), and thus we define it as the percolation threshold for infinite systems [1, 27] . For infinite systems, at this threshold density, only the exponent µ is smaller or equal to 2 . For finite systems, fluctuations are large (µ 2) for a finite range of densities around p c . This range shows a continuous band of filling densities with diverging current fluctuations, and defines the width of percolation threshold w for a finite system corresponding to the intersection with the line µ = 2 in figure 3 . Indeed, for a finite 43001-3 system, there is a finite percolation (non-percolation) probability even below (above) p c (see page 72 of [1] ). The threshold values obtained from the minimum of µ are compared in table 1 to those obtained in [15] for different thicknesses and for L = 100. These values are comparable within statistical errors.
Therefore, as expected above, the percolation threshold for infinite systems corresponds to the filling density with minimum value of the exponent µ (this density is independent of the size). The use of Lévy statistics allows one to deduce the percolation threshold for infinite systems by using finite systems. The thickness dependence of the width of percolation threshold is shown in figure 4 for size L = 100. In this figure we distinguish three different regions: a region quasi-2D or small thicknesses h < 5 (where the percolation width w increases), a crossover region, and a saturation where w becomes constant. In the crossover region (5 h 10), the width of percolation w is a power-law decreasing function of the h
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(see the power-law fit in the inset of figure 4):
Here, the exponent x is 0.36 ± 0.01.Within the statistical errors, this value is compatible with 1/ν 3 − 1/ν 2 = 0.38 , where ν 2 = 1.33 [1] and ν 3 = 0.88 [2] are 2D and 3D correlation length exponents. The powerlaw behaviour of the width of percolation threshold w appears similar to that of p c (h)-p c (3D) with a very close exponent (see equation (7) of [15] ).
The non-monotonous behaviour, observed in figure 4 as h increases, can be explained by the competition between the width w which increases and p c which decreases. As the thickness increases, there are more percolating paths, so that the width increases. For a size 100, the width for 3D systems (0.039) is greater than that for 2D ones (0.02). For very small thicknesses (h < 5), the increase of w is independent of the decrease of p c . Above h > 5, p c significantly decreases and thus the width becomes constrained by p c . The quantity p c × w seems to be constant for h < 5 and decreases above this thickness (not shown here). A further work is under preparation to clarify this behaviour near the crossover region.
Conclusion
In this work, the width of percolation threshold of a random metal-dielectric composite network was interpreted from the behaviour of the current distribution using Lévy statistics. The percolation threshold p c corresponds to the minimum of the exponent µ. The width of the percolation threshold w was examined as a function of the thickness h. A power-law decrease of w is found in the crossover region with an exponent similar to that obtained for p c (h)-p c (3D) in [15] . This induces a relation between the width w and p c (h). The saturation region corresponds to the 3D behaviour. As discussed above, the width w should vanish for infinite systems. The scaling of this width for different thicknesses will be the subject of a forthcoming work.
